Sharp remainder terms are explicitly given on the standard Hardy inequalities in L p (R n ) with 1 < p < n. Those remainder terms provide a direct and exact understanding of Hardy type inequalities in the framework of equalities as well as of the nonexistence of nontrivial extremals. Primary 26D10 ; secondary 26D15; 46E35
Results and discussion
The following Hardy inequalities are now well known:
where  ≤ p < ∞, r > , and f is a real-valued measurable function on (, ∞),
where  ≤ p < n and f ∈ W  p (R n ) (see [, ] for instance).
We revisit this famous inequality. Particularly, we present equalities which fill the gaps between the right-and left-hand sides of (.)-(.) with explicit remainder terms for p > . Those equalities yield (.)-(.) by dropping remainder terms. Moreover, we give a characterization of functions which leads to vanishing remainders. The study of the Hardy inequalities which is based on the viewpoint of the equality leads to a direct and explicit understanding of the Hardy type inequalities as well as of the nonexistence of nontrivial extremals.
To state our main theorems, we introduce some necessary notation. In this paper, we deal with real-valued functions and we argue with sufficiently smooth functions with compact support in R n \ {} so that the standard density argument goes through. Let us intro-
for p >  and ξ , η ∈ R, where /p =  -/p and R p (ξ , ξ ) makes sense only if p ≥  and if p <  and ξ = . In other words, 
The basic properties of R p are summarized in the following proposition.
Proposition  Let p ∈ R satisfy p > . Then R p satisfies the following properties:
We now state our main results. Remark  In fact, we prove that if the second term on the right hand side of (.) vanishes, then there exists a function ϕ : S n- → R on the unit sphere S n- such that
Theorem  Let n and p satisfy
almost everywhere in R n \ {}. In this case,
and the left-hand side of (.) is finite if and only if ϕ = f = .
Remark  The special case p =  is studied in [].
Theorem  Let p and r satisfy  < p < ∞ and r > . Then:
holds for all real-valued measurable functions on (, ∞) with xf ∈ L p (, ∞; x -r- dx). Moreover, there exists c ∈ R which satisfies, for almost everywhere x ∈ (, ∞), 
holds for all real-valued measurable functions on (, ∞) with xf ∈ L p (, ∞; x r- dx). Moreover, there exists c ∈ R which satisfies, for almost everywhere x ∈ (, ∞),
provided that the last term in the right hand side of (.) vanishes. In this case,
and the left-hand side of (.) is finite if and only if c = .
Remark  The special case p =  is studied in [] .
We prove the theorems in subsequent sections. The first step of the proof is the same as the standard one. We need the following identity: immediately yields the conclusion.
The subsequent sections are organized as follows. Proposition  will be proved in Section . Section  is devoted to the verification of Theorem . The proof of Theorem  is given in Section . There is a large literature on Hardy type inequalities and related subjects. See [-] and the references therein for instance.
